The Kerr-Schild pencil of metrics g ab +Λl a l b is investigated in the generic case when it maps an arbitrary vacuum space-time with metric g ab to a vacuum space-time. The theorem is proved that this generic case, with the field l shearing, does not contain the shear-free subclass as a smooth limit. It is shown that one of the Kóta-Perjés metrics is a solution in the shearing class.
INTRODUCTION
The challenge of Kerr-Schild metrics for researchers in general relativity appears unabated for many years now. The particular way Kerr-Schild metrics incorporate a congruence of null curves in space-time geometry is a sure source of the fascination. And then, an eminent member of this class is the Kerr black hole. A brief critical review of the literature below will help us through the ups and downs of the subject.
The original Kerr-Schild Ansatz maps
1 Minkowski space-time with a null field l, to an empty curved space-time with a metric quadratic in l. Boyer and Lindquist 2 show that the image of the map is an algebraically special space-time in which l is a multiple principal null direction of the Weyl tensor. Hence l is tangent to a congruence of null geodesics. The problem has been investigated in detail by Grses Recently, Nahmad-Achar 15 has investigated the types of energy-momentum tensors which can be generated from an arbitrary space-time by the generalised Kerr-Schild map.
By using the NP approach, he proved that the ensuing space-time is algebraically special whenever the parent space-time is an algebraically special vacuum. 
VACUUM CONDITIONS
Let g ab be the metric of a vacuum space-time andg ab a pencil of vacuum metrics of the Kerr-Schild formg
where the real constant Λ is the pencil parameter and l a is a null congruence. In consequence of (2.1) we havẽ
The covariant derivatives∇ a and ∇ a annihilatingg ab and g ab respectively, have the difference tensor C c ab . The Ricci tensorR ac may be computed by use of the relations
where R ac is the Ricci tensor of the metric g ab , defined in terms of the Riemann tensor,
The Ricci tensorR ac is a polynomial of degree 3 in Λ. As the vacuum Einstein equationsR ac = 0 hold for all real values of the pencil parameter Λ, we can equate the coefficients of each power of Λ with zero. We get four tensor relations, but one of them is satisfied identically. Thus we are left with the equations:
where the tensor notation refers to the parent space-time and D = l a ∇ a . From (2.6), the vector l a satisfies the geodesic condition:
Using (2.7) and the Ricci identity
we get from (2.5) and (2.4):
Equations (2.7), (2.9) and (2.10) ensure that a Kerr-Schild pencil will generate a vacuum space-time from a vacuum space-time. For future reference, we now rewrite these equations in a Newman-Penrose form 17 , choosing l a vector of the null tetrad (l, n, m,m).
We choose the phase of the complex vector m such that the spin coefficient ǫ is real,
We can still perform spatial rotationsm
with DΦ = 0, as well as arbitrary null rotations about l,
The geodesic condition (2.7) becomes
Eq.(2.9) takes the form
The tetrad components of Eq.(2.10) are The task of solving the field equations is, however, better served by a different gauge in which an affinely parametrized tangent vector l ′ is selected for the Kerr-Schild congruence. This gauge will be used in the subsequent sections.
THE GAUGE WITH AFFINE PARAMETRIZATION
The Kerr-Schild map (2.1) may be postulated in the slightly different form
where V is a scalar function. Reparametrizing by
where φ is a real function, the pencil (2.1) becomes (3.1) with
3)
The scale of l ′ is arbitrary in (3.1), and we fix it by adopting an affine parametriza-
where D ′ = l ′a ∇ a . The rest (2.4) and (2.9) of the Kerr-Schild pencil equations take then the form
Some useful spin coefficients transform under (3.2) as follows:
Dropping the primes, we have in terms of the affine parameter r:
and
We find that a step-by-step process of integrating the field equations can be launched in this gauge. The key observation is that Eqs. (2.16a) and (2.16b), together with (NP 4.2.a) and (NP 4.2.b), i.e.,
form a closed set of equations. Introducing the real functions x, y and z by
we obtain the autonomous system 
Here one of the constants has been eliminated by the appropriate choice of the origin of the affine parameter r. Also we used the remaining spatial rotations (2.12) to eliminate the r-independent part of the phase factor of σ. The integration functions η and B may depend on the coordinates (u, x 2 , x 3 ). While B can take any real value, η ranges in the interval [0, 360
For the value B = 0, the null congruence with tangent l is twist-free, and for η = 0 or η = 180
• , it is shear-free. When both B = 0 and η = 180
• holds, there is no expansion.
From (3.6), (3.9) and (3.10) we get the curvature quantity
and for r ≥ 0, the scaling function can be written
where A is another integration function of u, x 2 and x 3 .
We have yet the freedom of performing the null rotations (2.13). We use these to Let us denote the components of the complex vector m by
The second commutator in (NP 4.4), when applied to the coordinates, yields the equations:
DΩ =ρΩ + σΩ (3.16)
Noticing that equations (3.14) and (3.16) have identical forms, we use the remaining null rotations to arrange
We next integrate Eq. (3.17) to obtain the rest of the components of m: .2) and (3.4):
Note that the σ → 0 limit is well-behaved as follows from the relation Dπ = 2ρπ + 2σπ +Ψ 1 (4.3b)
Dβ =ρβ + σ(2π −β) + Ψ 1 (4.3d)
This is a set of coupled linear, inhomogeneous equations for the functions τ, π, α, β and Ψ 1 and their complex conjugates, with the constraints (3.13) and (4.1), algebraic in r.
Furthermore, we need Eq. (NP 4.2k),
for the proof of our Theorem: For a generalized vacuum-vacuum Kerr-Schild pencil, either of the following conditions hold:
(i) The parameter η assumes one of the special values given by sinη = 0,
(ii) The δ derivatives are restricted by
We prove the theorem by taking the D derivative of both sides of (4.1) and using 
where P is the polynomial in sinη and cosη 
Equation (4.4) yields a further algebraic constraint: and (4.3b).
One can make use of the algebraic constraints to obtain equations for various closed subsets of the unknown functions. For example, using the Kerr-Schild constraint (4.9)
for eliminating Ψ 1 in (4.3a) and (4.3b), we get a set of four coupled equations for π, τ : equations is given by n linearly independent solution vectors. We will not attempt to tackle this problem here, but in the next section we shall seek for space-times characterised by the trivial solution.
A PARTICULAR SOLUTION
The purpose of this section is to demonstrate that the class of vacuum space-times we get Ψ 4 = 0. Let us choose again this simplest case:
From the commutators (NP 4.4) we obtain that ∆ commutes both with δ and D.
Thus we can adopt such coordinates that ∆ =
The functions A, B and η are, in fact, constants in this case because we already have δA = δB = δη = 0, the fifth relation of (NP 4.5) implies ∆Ψ 0 = 0 or ∆η = 0 and from (4.2) we have ∆lnφ = 0 or ∆A = ∆B = 0. Furthermore
are noncommutative but they commute with ∆ and D. This enables us to choose the coordinates such that
By use of the completeness relation
we obtain the inverse metric Hence we get the metric 
CONCLUDING REMARKS
The picture we glean in this work is as follows. The vacuum space-times in which vacuum Kerr-Schild metrics can be generated are characterized either (i) by special values of the parameter η, or by condition (ii) of our theorem. The metrics in class (ii) are a dynamical system governed by two sets of homogeneous linear equations (4.3), with δΨ 0 = 0, and (5.2). The spectrum of the system is constrained by the nonradial NewmanPenrose and Kerr-Schild equations. The ground state is a Kóta-Perjés space-time. At the moment of writing it appears to us that the excited states can all be generated in terms of elementary functions. This issue will be discussed in Paper II.
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